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1. INTRODUCTION
w x w xDEFINITION. A group G is called a CT-group if x, y s 1 and y, z s 1
w ximply that x, z s 1, for all nontrivial elements x, y, z g G. In other
 4words, the relation of commutativity is transitive on the set G_ 1 .
In other papers, CT-groups have been called CA-groups since the
centralizer of every non-identity element is abelian. Obvious examples of
CT-groups include abelian groups and free groups; the Tarski groups,
which are simple groups with all proper subgroups cyclic, are also CT-
Ž w x.groups see 9, Theorem 28.3 . This shows how complicated the structure
w xof CT-groups can be. Finite CT-groups were first studied by Weisner 14
in 1925. He proved that such finite groups are either solvable or simple
and also obtained information on the structure of finite solvable CT-groups.
However, there is a serious error in his proof. We shall give a correct
proof, and obtain a structure theorem: A finite solvable CT-group is the
semidirect product of its Fitting subgroup F by a fixed-point-free group of
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Ž . w xautomorphisms of F Theorem 9 . Subsequently, Suzuki 13 proved in
1957 by using character theory that every non-abelian simple CT-group is
Ž f .isomorphic with some PSL 2, 2 , f G 2. Recently, CT-groups have been
w xstudied by Fine et al. 3 .
An obvious observation about CT-groups is that their Fitting subgroups
are abelian. The Fitting subgroups play a significant role in the study of
Ž .solvable CT-groups. Our main result Theorem 10 not only shows this but
also motivates us to explore fixed-point-free groups of automorphisms of
abelian groups. In Section 2, we inquire about the structure of abelian
torsion groups which have a fixed-point-free torsion group of automor-
phisms. A key result here is the following: A finite abelian group has a
fixed-point-free group of automorphisms if and only if the numbers of
elements of order p in its homocyclic p-components for all primes p have
Ž .greatest common divisor greater than 1 Theorem 2 . Moreover, the above
result can be easily extended to divisible abelian groups. In addition, we
study cohomology groups under fixed-point-free actions. It turns out that
the cohomology group of a locally finite group with coefficients in an
Žabelian torsion group under the fixed-point-free action vanishes Theorem
.6 . In contrast to abelian torsion groups, abelian groups which are not
torsion do not have vanishing cohomology theorems under fixed-point-free
Ž .actions see the last part of Section 2 .
Then, in one of our main results, we characterize locally finite CT-groups,
where analogous results hold for both solvable and insolvable groups
Ž .Section 3 . In the light of these results, we see that the class of locally
Ž .finite CT-groups is quotient closed Theorem 12 , a property that does not
hold for CT-groups in general.
The structures of polycyclic CT-groups and torsion-free solvable CT-
groups are explored in Section 4. There are two types of abelian-by-finite
polycyclic CT-groups: a split extension of the Fitting subgroup F by a
finite cyclic fixed-point-free group of automorphisms of F and an exten-
sion of F by a generalized quaternion group Q in which every extension of
Ž .F by a quaternion subgroup of Q is nonsplit Theorem 14 . It is a subtle
matter to describe groups in the latter case. Moreover, we show that if a
polycyclic CT-group is not abelian-by-finite, then it is a finite extension of
an extension of one free abelian subgroup by another with fixed-point-free
Ž .action Theorem 16 . Essentially, every polycyclic CT-group of this sort is
constructed from algebraic number fields.
On the other hand, we construct examples of finitely generated torsion-
free solvable CT-groups with arbitrary derived length using standard
wreath products, thus showing that such groups have complicated struc-
ture. We also show that all free solvable groups are CT , and hence the
class of solvable CT-groups is not quotient closed.
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2. ABELIAN GROUPS ADMITTING A GROUP OF
FIXED-POINT-FREE AUTOMORPHISMS
We say that a subgroup H of the automorphism group of a group is
fixed-point-free if every nontrivial element of H is fixed-point-free. We
shall see that fixed-point-free automorphism groups are intrinsically in-
Žvolved in the study of CT-groups, especially solvable CT-groups see
.Section 3 . In fact, a solvable locally finite CT-group is a split extension of
its Fitting subgroup F by a locally cyclic fixed-point-free group of auto-
Ž .morphisms of F see Theorem 10 . Our attention is therefore directed at
Ž .two problems: i What kinds of abelian torsion groups have a torsion
Ž .fixed-point-free group of automorphisms? ii When are all extensions of
an abelian torsion group A by a fixed-point-free group of automorphisms
of A split? We note that an abelian group A has a nontrivial torsion
fixed-point-free group of automorphisms if and only if A has a fixed-
point-free automorphisms of prime order. Henceforth, we may restrict
ourselves to the case where A has a fixed-point-free automorphism of
prime order. The following is a technical lemma.
LEMMA 1. Let A be a di¤isible abelian p-group or a homocyclic p-group
w xof finite rank. If a is a fixed-point-free automorphism of A p with prime1
order q, p / q, then a extends to a fixed-point-free automorphism of A with1
order q.
Proof. We may represent a by an integral matrix; then this matrix1
w 2 xinduces an automorphism a of A p : For if Ker a / 0, then the2 2
w xintersection of Ker a and A p is not trivial. But this implies that2
q w xKer a / 0, a contradiction. Note that a acts trivially on both A p and1 2
w 2 x w x q pA p rA p . So a has order dividing p. Replacing a by a , if neces-2 2 2
q w xsary, we obtain that a is the identity and the restriction of a to A p is2 2
p j Ž .a . Thus we may replace a by a , where pj ’ 1 mod q , to ensure that1 2 2
w xthe restriction of a to A p is a . Since a acts fixed-point-freely on2 1 1
w x w 2 xA p , a is the required fixed-point-free automorphism of A p of order2
q. By repeating this argument, we can extend a to a fixed-point-free1
automorphism of A of order q.
Our first task is to find a rank condition which guarantees the existence
of fixed-point-free automorphisms of prime order on finite abelian groups.
THEOREM 2. Let A be a finite abelian group and let r be the number ofi j
cyclic direct summands of order p j in a cyclic primary direct decomposition.i
Then A has a fixed-point-free automorphism a of prime order q if and only if
 r i j 4q di¤ides gcd p y 1 . Hence A has a fixed-point-free torsion group ofi, j i
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automorphisms if and only if
gcd pri j y 1 ) 1. 4i
i , j
Proof. Assume that a is a fixed-point-free automorphism of prime
< <order q. So q does not divide A . We may assume that A is a p-group for
some fixed prime p dividing the order of A. Write A s F [ ??? [ F1 n
where F s Z r j j, and B s F [ ??? [ F , k s 0, 1, 2, . . . . Then we havej p k kq1 n
w x w x w x k kB p s F p [ B p and p B s p A is characteristic in A. Also,k kq1 kq1 k
Ž k .w x w x k w xp B p s B p is characteristic in p B and hence B p is character-k k k k
istic in A.
w x ² :Next, note that B p is a Z a -module. Applying Maschke's theorem,k p
w x ² : ² :we deduce that B p is a completely reducible Z a -module. Since ak p
² :is fixed-point-free, a simple Z a -submodule cannot be trivial. Moreover,p
² : ² :each nontrivial simple Z a -module S is Z a -isomorphic with thep p
splitting field of x q y 1. Now S has dimension e over Z , where e is thep
w xexponent of p mod q. Thus, for each k, the rank of B p is a multiple ofk
r j Ž .e, and hence e divides each r . So p ’ 1 mod q and the assertionj
follows.
 r i j 4Conversely, assume that q is a prime dividing gcd p y 1 . Thei, j i
Ž r i j.finite field GF p has an element a of prime multiplicative order q,i i j
Ž r i j.and a acts via multiplication fixed-point-freely on GF p . By Lemma 1,i j i
Ž . r i jja extends to a fixed-point-free automorphism a of Z of order q.Äi j i j p i
Ž .Combine all a to form a s a . Then a is a fixed-point-free automor-Ä Äi j i j
phism of A of order q.
Now let us turn to abelian torsion groups.
THEOREM 3. Let A s A [ A , where A is a direct sum of cyclic groups1 2 1
and A is a direct sum of quasicyclic groups, let r be the number of cyclic2 i j
direct summands of order p j in the cyclic direct decomposition of A , and leti 1
r be the number of quasicyclic direct summands of type p‘. Then A has ak‘ k
fixed-point-free automorphism a of prime order q if and only if q di¤ides
 r i j 4gcd p y 1 . Hence A has a fixed-point-free torsion group of automor-i, j i
phisms if and only if
gcd pri j y 1 ) 1. ) 4 Ž .i
i , j
ŽHere r and r are allowed to be infinity, and by con¤ention e¤ery integeri j k‘
.di¤ides infinity.
Proof. Suppose that A has a fixed-point-free automorphism a of
prime order q. We may assume that A is a p-group for some p; write
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A s F [ ??? [ F [ A , where F s Z r j j and A is divisible, and also1 n 2 j p 2
B s F [ ??? [ F [ A , k s 0, 1, 2, . . . . Note that A is characteristick kq1 n 2 2
in A since it is the maximum divisible subgroup of A. Now the proof
proceeds in the same manner as that of Theorem 2 when r and r arei j k‘
Ž .finite. Otherwise, ) is true automatically because every integer divides
infinity.
Ž .Conversely, if the condition ) holds, then we may choose a prime q
 r i j 4dividing gcd p y 1 . We shall construct a fixed-point-free automor-i, j i
phism of order q of each direct summand, and then combine them to get
the desired automorphism of order q of A. In A , if r is finite, proceed1 i j
as in Theorem 2. Assuming that r is infinite, we first find the exponent ei j i
Ž .eijof p mod q. For each Z of A , we construct a fixed-point-freei p 1i
automorphism a of order q. Then we have a fixed-point-free automor-i j
Ž . r i j Ž .eij jphism a of Z which acts on each Z like a . In A , if r s n, aÄi j p p i j 2 k‘i i
Ž n.finite number, then form a finite field GF p and consider a nontrivialk
Ž n.element a of order q of the multiplicative group of GF p . Then a actsk k k
Ž n.on GF p fixed-point-freely. By Lemma 1, a extends to a fixed-point-freek k
Ž .n‘automorphism a of Z of order q. If r is infinity, then, just as fork‘ p k‘k
Ž . rk‘‘A , we have a fixed-point-free automorphism a of Z which acts onÄ1 k‘ pk
Ž .ek‘each Z like a , a fixed-point-free automorphism of order q con-p k‘k
structed as for A , where e is the exponent of p mod q. Collecting all1 k k
fixed-point-free automorphisms constructed as above on each summand,
we finally get a fixed-point-free automorphism a on A with order q.
To answer the second question, we will study the cohomology of a group
G with coefficients in a G-module A where G acts fixed-point-freely on
A. First, we quote a theorem about the structure of a fixed-point-free
automorphism group of a finite group.
w xTHEOREM 4 11, Theorem 10.5.5 . Let G be a fixed-point-free group of
automorphisms of a finite group. Then e¤ery subgroup of G with order pq
where p and q are primes is cyclic. The Sylow p-groups of G are cyclic if p is
odd and cyclic or generalized quaternion if p s 2.
PROPOSITION 5. Let G be a group. If A is a finite G-module on which G
nŽ .acts fixed-point-freely, then H G, A s 0 for all n.
Proof. Note that G must be finite. If G has even order, then G has a
unique involution in the center; otherwise, by Theorem 4, G is metacyclic.
In any event, G has a nontrivial cyclic normal subgroup, say generated by
² g:  < g ig. Since G acts on A fixed-point-freely, A s a g A a s a for all
i 4g / 1 s 0 and g y 1 is an automorphism of A because A is finite.
2 mŽ² : . 2 mq1Ž² : .Hence, H g , A s H g , A s 0 for all m. Consider the short
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exact sequence
² : ² :g u G ‚ Gr g .
Applying the Lyndon]Hochschild]Serre spectral sequence for cohomol-
ogy, we get
i j i ² : j ² : iq jE s H Gr g , H g , A « H G, A .Ž .Ž .Ž .2
nŽ .This implies that H G, A s 0 for all n.
This result can be extended to the case where A is torsion and G is
locally finite.
THEOREM 6. If A is a G-module which is an abelian torsion group and G
nŽ .is a locally finite group acting fixed-point-freely on A, then H G, A s 0 for
all n.
Proof. If G has an element of even order, then G contains a cyclic
normal subgroup of order 2. If all elements of G have odd order, then G is
locally metacyclic and hence GX is locally cyclic. In either case, G has a
² :nontrivial finite cyclic normal subgroup g . Moreover, since A is torsion
Ž .and g acts fixed-point-freely on A, ArA g y 1 s 0. Thus we have
iŽ² : . nŽ .H g , A s 0. Therefore, H G, A s 0 for all n by the spectral se-
quence argument as before.
Remark. The hypothesis ``torsion'' cannot be dropped. Counterexam-
ples shall be provided in the next subsection.
Nonsplitting Examples with G Quasicyclic
Next we would like to focus on the case where G is isomorphic to Z ‘.p
Let A be a G-module with G acting fixed-point-freely. Robinson has
nq1Ž . ny1Ž . Ž w x.shown that H G, A , H G, A , n G 3 see 10, Lemma 2.1 . So it
nŽ .is a matter of computing the first four cohomology groups H G, A ,
n s 0, 1, 2, 3. Let e: A u E ‚ G be an extension inducing the given
² : pmodule structure. Then E s x , x , . . . , A , where x s x a with a g1 2 iq1 i i i
A for i G 1. Note that x p g A, and hence x p s 1 since x acts fixed-1 1 1
point-freely on A. Let u s 1 q x q x 2 q ??? qx py1 g End A. Theni i i i
Ž . p p Ž .x a s x au for a g A. Hence a is uniquely determined mod-iq1 iq1 iq1 i
p i Žulo the image of u and x s x a q a u q a u u q ??? qa u uiq1 iq1 1 1 2 2 3 2 3 i 2 3
.??? u . In the rest of the section, we assume that A is not a torsion group.i
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It follows that A / Au . Thus e determines uniquely an element2
a s a q Au , a q a u q Au u , . . .Ž .1 2 1 2 2 2 3
g Ar Au u ??? u s A.Ž .Ł 2 3 i
is2, 3, . . .
Ž .Conversely, each such a yields an extension class e . Furthermore, if e
Ž . psplits, then there must exist b g A such that x b s x b , i si iq1 iq1 i i
1, 2, . . . . This implies that
b s a q b u . ²Ž .i i iq1 iq1
Ž . Ž . Ž .Define a function l from A to A via a l s a q Au ??? u . Then ²2 i
Ž . Žabove says that b l s a. Conversely, if a s a q Au , a q a u q1 1 2 1 2 2
. Ž .Au u , . . . is in the image of l, and b l s a with b g A, then after2 3 1 1
computing these relations and using the fact that Ker u s 0, for i F 2, wei
get that b s a q b u for all i and so the subgroup of E generated byi i iq1 iq1
x b , for all i, is a complement of A. We conclude that there is ai i
one-to-one correspondence between elements of A and the set of exten-
Ž .sion classes e , and under the correspondence the split extensions are
associated with elements in the image of l. Now assume that A is
2Ž .countable. Then the image of l is countable. But A, and hence H G, A ,
is uncountable.
A specific example may be given as follows.
EXAMPLE. Let K be the field obtained from Q by adjoining x fori
i s 1, 2, . . . , where x is a primitive pith root of unity and x p s x . Leti iq1 i
G be the multiplicative group generated by x for all i, and let A be thei
additive subgroup generated by the powers of x , x , . . . . Then A is a1 2
G-module via field multiplication. It is clear that A ¤ Au since the2
underlying set of A forms a subring of K and Au is an ideal of A but u2 2
2Ž .is not a unit. Moreover, A is countable, so we obtain that H G, A / 0.
3. THE STRUCTURE OF LOCALLY FINITE CT-GROUPS
Weisner showed that a finite solvable CT-group contains a normal
w xmaximal abelian subgroup whose quotient is cyclic in 14 . However, his
proof relies on a faulty result on Frobenius complements in Burnside's
w x Ž w x .book 2 see 5, p. 500 for a counterexample . A correct proof is given and
the structure of finite solvable CT-groups is described in Theorem 9. On
the other hand, we shall show that the major theorems of finite CT-groups
can be carried over, with suitable modification, to locally finite CT-groups.
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LEMMA 7. Let G be a group and N a normal abelian subgroup of G. If
GrN is CT and GrN acts on N fixed-point-freely by conjugation, then G is
CT.
We omit the very easy proof. The following theorems give the classifica-
tion of finite CT-groups.
Ž w x.THEOREM 8 Suzuki 13 . A finite nonabelian simple group is CT if and
Ž f .only if it is isomorphic with some PSL 2, 2 , f G 2.
² :THEOREM 9. If G is a finite sol¤able CT-group, then G s x h F,
² :where F s Fit G is abelian and x is a fixed-point-free group of automor-
phisms of F. Moreo¤er, any two complements of F are conjugate in G.
² : ² :Con¤ersely, if G s x h F, where F is finite abelian and x is a fixed-
point-free group of automorphisms of F, then G is a finite sol¤able CT-group
with F s Fit G.
Proof. We can assume that G is nontrivial and by hypothesis F s
Ž .C F / 1. This means that no element of G outside F can commute withG
nontrivial elements of F, and so each nontrivial element of GrF induces a
fixed-point-free automorphism of F. By Proposition 5, G splits over F and
any two of complements of F are conjugate in G. Let H be a complement
of F. By Theorem 4, H cannot have generalized quaternion subgroups and
hence every Sylow subgroup of H is cyclic. Thus H is metacyclic with the
² m n b r: Ž .presentation a, b N a s b s 1, a s a , where m and n r y 1 are
relatively prime. Moreover, by Theorem 4, every subgroup of order pq of
H is cyclic. Therefore, H is cyclic and the assertion now follows. The
converse statement follows from Lemma 7.
The classification of locally finite CT-groups is analogous to that of
finite CT-groups.
THEOREM 10. If G is a sol¤able locally finite CT-group, then G s H h F,
where F s Fit G is abelian and H is a locally cyclic group of fixed-point-free
automorphisms of F. Moreo¤er, any two complements of F are conjugate in
G. Con¤ersely, if F is an abelian locally finite group and H is a locally cyclic
group of fixed-point-free automorphisms of F, then G s H h F is a sol¤able
locally finite CT-group.
Proof. Assume that G is nontrivial, so F is nontrivial. Theorem 6
nŽ .implies that H GrF, F s 0 for n s 1, 2, so G splits over F and any two
of complements of F are conjugate in G. Write G s H h F. Let H be a0
finite nontrivial subgroup of H and let a be a nontrivial element of F.
Then F s aH 0 , a subgroup generated by ah for all h g H, is finite and H0 0
acts fixed-point-freely on F . Thus H h F is CT and H is cyclic by0 0 0 0
Theorem 9. Hence H is locally cyclic. The converse statement follows by a
similar proof to that of the previous theorem.
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THEOREM 11. An insol¤able locally finite group G is CT if and only if
Ž . < <G , PSL 2, F for some locally finite field F of characteristic 2 with F G 4.
Remark. A field is locally finite if every finitely generated subfield is
finite. So that fields allowed in Theorem 11 are the subfields of the
Ž .algebraic closure of GF 2 .
Proof. Let G be insolvable CT and locally finite. Then G must have a
finite insolvable subgroup. Otherwise, by Theorem 9, every finite subgroup
of G is metabelian and so is G, a contradiction. It follows that every finite
subgroup of G is contained in some finite insolvable subgroup. Since every
Ž m.finite insolvable subgroup is isomorphic to PSL 2, 2 , for some m G 2,
every finitely generated subgroup of G, whether solvable or not, has a
faithful representation of degree 2 over a field of characteristic 2. By a
w xwell-known theorem of Mal'cev 7 , G has a faithful representation of
degree 2 over some field F of characteristic 2. Consequently, G is a0
w xsimple linear torsion group. By a theorem of Winter 15 , G is countable,
 4say G s g , g , g , . . . . We can choose a finite insolvable subgroup G1 2 3 1
² :such that g g G , and let G s g , G for all i ) 1. Therefore, we1 1 i i iy1
 4obtain a chain G of finite insolvable subgroups of G with G si ig N
Ž .D G and G , PSL 2, F for some finite field F of characteristic 2. Byig N i i i i
w x Ž .a result of Kegel 6 , G , PSL 2, F for some locally finite field F of
< <characteristic 2 and F ; F for all i. Clearly, F G 4. The converse isi
trivially true.
We know that the class of CT-groups is not quotient closed since free
groups are CT. But the class of locally finite CT-groups behaves well.
THEOREM 12. A quotient of a locally finite CT-group is a CT-group.
Proof. We need only look at the case where G is a solvable locally
finite CT-group. Then G s H h F, where F s Fit G, and H is a fixed-
point-free group of automorphisms of F. It is easy to see that if N 1 G,
then either N F F or F F N. If F F N, then GrN is abelian, while if
N - F, then GrN ( H h FrN. Note that if x is an automorphism of an
abelian torsion group, then x is fixed-point-free if and only if 1 q x q x 2
ny1 < <q ??? qx s 0, where n s x . Thus it is clear that H induces a fixed-
point-free group of automorphisms of FrN since 1 q x q x 2 q ??? qx ny1
< <is the zero endomorphism of F, where x g H and n s x , and it also
induces a zero endomorphism on FrN. Thus GrN is CT by Theorem 10
and so the result follows.
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4. INFINITE SOLVABLE CT-GROUPS
Since the structure of finite solvable CT-groups is well understood from
our previous work, we may confine ourselves to infinite solvable CT-groups
in this section. We shall study the structures of polycyclic and torsion-free
solvable CT-groups.
Structure of Polycyclic CT-Groups
We shall obtain some results of a qualitative nature about the structure
of polycyclic CT-groups and establish a connection between these groups
and algebraic number fields.
Let G be an infinite polycyclic CT-group and let F be its Fitting
subgroup. Then F is abelian and contains a torsion-free normal abelian
subgroup. If F is not torsion-free and T is the torsion-subgroup of F, then
Ž . Ž .C T s C F s F, GrF is isomorphic with some subgroup of Aut T ,G G
and hence G is abelian-by-finite. Assume that F is torsion-free. If GrF is
finite, then G is still abelian-by-finite. Now we assume that GrF is
w xinfinite. A theorem of Mal'cev in 8 says that G is nilpotent-by-abelian-
by-finite. Hence GrF is abelian-by-finite. We may find a normal subgroup
G of G of finite index such that G rF is torsion-free abelian. Note that1 1
Fit G s F. It follows that G rF acts on F fixed-point-freely. By Theorem1 1
w x1 on page 44 in 12 , G has a subgroup G of finite index such that1 2
G s X h F, where X acts on F fixed-point-freely. Replacing G by its2 2
core in G, we may assume that G is normal in G. To sum up, G has a2
normal subgroup X h F of finite index, where X and F are free abelian
groups of finite rank.
By the above arguments, there are two types of infinite polycyclic
Ž .CT-groups: i finite extensions of a finitely generated abelian group and
Ž .ii finite extensions of one finitely generated free abelian group by
another.
DEFINITION. Let X be a group and let A be an X-module. Then A is
Ž . Ž .X-rationally irreducible if i A is a torsion-free abelian group and ii
A m Q is an irreducible Q X-module.
This is equivalent to every nontrivial X-submodule of A having finite
index as a subgroup of A if A is finitely generated.
LEMMA 13. Let X be a group, let A be a free abelian group of finite rank
which is an X-module, and let X act on A fixed-point-freely. Then A has a
series such that e¤ery factor is X-rationally irreducible and X acts on e¤ery
factor fixed-point-freely.
Proof. First we show how to form a series with X-rationally irreducible
factors. If A is X-rationally irreducible, nothing needs to be done. Assume
COMMUTATIVITY-TRANSITIVE GROUPS 175
that A is not X-rationally irreducible, then there exists a nonzero X-sub-
module of A of infinite index, and so the family F consisting of nonzero
X-submodules of A with infinite index is nonempty. Since A satisfies the
maximal condition on subgroups, there is a maximal element A in F. It is1
straightforward to show that ArA is free abelian and ArA is X-ration-1 1
ally irreducible. Then the result follows by induction on the rank of A.
Next, we shall prove that X acts fixed-point-freely on each factor. It
suffices to show that the action of X on F s ArA is fixed-point-free. By1 1
choosing a suitable Z-basis of A, we can assume that each x g X is
represented by an integral matrix of the form
M 01M s ,ž /N M2
where the action of x on F is described by M . Since X acts on A and1 2
Ž .A fixed-point-freely, det M and det M are "1 and both det M y I and1 1
Ž . Ž .det M y I are nonzero. It follows that det M s "1 and det M y I /1 2 2
0. Thus X acts on F fixed-point-freely. We conclude that A has a series1
in which every factor is X-rationally irreducible and X acts on each factor
fixed-point-freely.
Structure of Abelian-by-Finite Polycyclic CT-Groups
Let G be an abelian-by-finite polycyclic CT-group, with F the Fitting
subgroup of G and T the torsion subgroup of F. Here GrF is finite. If T
Ž .is nontrivial, then C T s F, and so GrF acts fixed-point-freely on T viaG
conjugation. If F is torsion-free, let p be a prime not dividing the order of
GrF. Then GrF acts on FrF p fixed-point-freely. So, in any case, GrF
acts fixed-point-freely on a finite group. Since GrF is solvable, a minimal
normal subgroup of GrF is an elementary abelian p-group, and so is
cyclic by Theorem 4. Thus GrF is supersolvable by a theorem of Huppert
w x4 and its elements of odd order form a normal subgroup by Theorem
w x5.4.9 in 11 . We are now able to describe the structure of polycyclic
CT-groups of this type.
THEOREM 14. Let G be an abelian-by-finite polycyclic group and let F be
Ž .its Fitting subgroup which is abelian . Then G is a CT-group if and only if
one of the following holds:
Ž . ² : ² :a G s x h F where x is a finite fixed-point-free group of auto-
morphisms of F.
Ž .b Q [ GrF is a generalized quaternion group of fixed-point-free
Q Ž .automorphisms of F and res a / 0 for e¤ery quaternion subgroup Q ofQ 00
Q with order 8, where a is the cohomology class of the extension F u G ‚ Q.
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Proof. Assume that G is a CT-group. By the discussion before the
theorem, the elements of GrF of odd order form a normal subgroup O.
Ž .a Assume first that O is nontrivial. Then, by Theorem 4, O is
² : ² :metacyclic and say O s b h a where the orders of a and b are
1Ž² : 1Ž² : ..relatively prime. So H b , H a , F s 0 by Theorems 11.3.7 and
2w x Ž .11.3.8 in 11 . The spectral sequence argument shows that H O, F s 0
0 0 2Ž . Ž² : . Ž² : .and H O, F s 0 since H a , F s H a , F s 0. Write G for GrF.
Because the order and index of O are relatively prime, we have
1 1Ž Ž ..H GrO, H O, F s 0, and hence the spectral sequence for
O u G ‚ GrO
2Ž .shows again that H GrF, F s 0; that is, G splits over F. Moreover, by
Theorem 4, every complement of F is cyclic. Now if O is trivial and GrF
is a cyclic 2-group, it is clear that G splits over F. Hence G is of the
required form.
Ž .b The remaining case is when Q s GrF is a generalized quater-
Q Ž .nion group. Suppose that there is a quaternion subgroup Q with res a0 Q0
s 0; then G has a subgroup isomorphic with Q h F. This cannot occur0
since G is CT.
Ž .The converse is obvious for case a . Assume that G is the extension of
Q Ž .F corresponding to a with res a / 0 for every quaternion subgroup QQ 00
of Q. Suppose that G is not CT and g is a nontrivial element in G_ F
with nonabelian centralizer C. Since C l F s 1, C , CFrF, which is a
nonabelian subgroup of Q. Note that C has order not less than 8 and Q
has a unique element of order 2. Hence C contains a quaternion subgroup
Q of order 8. However, CF is a split extension of F by C and so it has a0
Q Ž .subgroup Q h F. This means that res a s 0, a contradiction.0 Q0
Ž . Ž . ² :Remarks. 1 Note that a can occur with x of any finite order.
Ž . Ž .2 Certainly b can occur with Q a quaternion group of order 80
 Žand F the Hurwitz ring of quaternions with Z-basis 1, i, j, 1 q i q j q
. 4 2Ž . Ž w x.k r2 since H Q , F , Z [ Z / 0 see 1, p. 245 . Whether Q can be0 2 2
an arbitrary generalized quaternion group is unsolved.
Ž . Ž .3 If b occurs, then for every subgroup Q of order 8 of Q, at least0
one Q -rationally irreducible factor of F is isomorphic with the Hurwitz0
ring of quaternions. The reason is as follows. Suppose for the moment that
Q s GrF is a quaternion group of order 8. If F is not torsion-free, then,0
nŽ .by Theorem 6, H Q , T s 0 for all n where T is the torsion subgroup of0
2Ž . 2Ž .F. Hence H Q , F s H Q , FrT . So we may assume that F is0 0
torsion-free. By Lemma 13, F has a series F s F ) F ) ??? ) F s 1 in0 1 m
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which every factor K s F rF is Q -rationally irreducible and Q actsi iy1 i 0 0
on each K fixed-point-freely. For convenience, we may fix one factor Ki i
and drop the subscript. Thus K m Q is a faithful simple QQ -module and0
Q acts on K fixed-point-freely. Note that the simple decomposition of0
QQ is Q = Q = Q = Q = D where D is the division ring of rational0
quaternions. Consequently, K m Q is isomorphic with the ring of rational
quaternion as QQ -modules, and hence K is either isomorphic to the ring0
Ž w x.of integral quaternions or the Hurwitz ring of quaternions see 1, p. 245 .
Suppose that every Q -rationally irreducible factor K is isomorphic to the0 i
2Ž .ring of integral quaternions; then H Q , K s 0 for each K . This0 i i
2Ž .implies that H Q , F s 0. Thus G is a split extension of F by Q , which0 0
cannot occur since Q is not CT. Now if Q is a generalized quaternion0
group, then it has a subgroup Q isomorphic to the quaternion group of0
order 8. Hence G has a subgroup which is a split extension of F by Q , a0
contradiction.
Structure of Polycyclic CT-Groups That Are Not Abelian-by-Finite
Let G be a polycyclic CT-group which is not abelian-by-finite. Then G
has a normal subgroup X h F of finite index where X and F are free
abelian of finite rank and X acts on F fixed-point-freely. First of all, we
quote a known result and then use it to construct examples.
w xPROPOSITION 15 12, Prop. 1 . Let X be an abelian group and let A be a
rationally irreducible X-module, on which X acts faithfully. Then there exists
an algebraic number field K, with ring of integers o , and embeddings y:
y Uq yŽ .A “ o , : X “ o , such that ax s ax for all a g A and x g X where
Uqo , o are the additi¤e and multiplicati¤e subgroup of o , respecti¤ely. Both A
w xand the subring Z X generated by X ha¤e finite index in o.
Here we show how to use algebraic number fields to construct concrete
examples of polycyclic CT-groups of this type. We start with finitely many
number fields K , and let o be the ring of algebraic integers of K .i i i
Suppose that X is a free abelian group with monomorphisms u : X “ oUi i
where oU is the unit group of K . Also assume that F is the subring of oi i i i
generated by the image of u . Note that X and F are free abelian groupsi i
of finite rank as groups. For each i, we claim that F is rationallyi
irreducible as an X-module. We drop the index i and identify X with the
image of u . Let H be a nontrivial X-submodule of F and let f be ai
nontrivial element in H. It is clear that H is an ideal of F. Note that fy1
belongs to the subfield generated by F and that there is a positive integer
m such that mfy1 g F. This implies that m g H. So mF F H and the
claim holds. Next take A to be the direct sum of all of the F . By thei
construction of F , X acts on A fixed-point-freely. By Lemma 7, X h A isi
a CT and, of course, polycyclic group.
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Conversely, we obtain the following result, which shows how algebraic
number fields are the principal constituent in a polycyclic CT-group of the
second type.
THEOREM 16. A polycyclic CT-group G which is not abelian-by-finite has
a normal subgroup X h F of finite index, where F is the Fitting subgroup of G,
X and F are free abelian groups, and F has a series in which each factor H isi
X-rationally irreducible with fixed-point-free X-action. Moreo¤er, H is isomor-i
phic to an additi¤e subgroup of the ring of algebraic integers of a number field
K , and X is embedded in the unit group of K .i i
Proof. By the discussion in the beginning of this section, we have
obtained a normal subgroup X h F. By Lemma 13, F has a series whose
factors are rationally irreducible with the group X acting fixed-point-freely
on each factor H , and hence X acts faithfully on each H . Thus, byi i
applying Proposition 15, the factor H s F rF and X can be embeddedi i iq1
into the ring of algebraic integers of a number field as described in the
theorem.
Remark. Let X and F be as in Theorem 16.
We may ask if F is a direct sum of X-rationally irreducible submodules.
Unfortunately, this may not be true. For instance, let X be an infinite
cyclic group, and let F s F [ F where F and F are free abelian of1 2 1 2
rank 2 with fixed bases. Assume that the generator x of X acts on F
according to the matrix
M 01M s ,ž /I M1
where M is the companion matrix of x 2 q x y 1 and I is the 2 = 21
identity matrix. By choosing a suitable basis, we may write
0 1M s .1 ž /1 y1
We draw attention to the following properties.
Ž .i Since M is the companion matrix of an irreducible polynomial1
over Q, F and FrF are X-rationally irreducible.1 1
'Ž . Ž .ii Since the eigenvalues of M are y1 " 5 r2, which are not1
roots of unity, 1 cannot be an eigenvalue of M n for any n G 1. This1
Ž n .implies that M has infinite order and that det M y I / 0 for all n G 1,1 1
and hence X is an infinite cyclic group acting on F and FrF fixed-1 1
point-freely.
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Ž .iii Suppose that F splits over F as an X-module. Then M is1
similar to
M 01ž /0 M1
y1 M 01over Q, and there is a matrix P over Q such that M s P P. Since0 Mž /1
'Ž .M is similar over R to the diagonal matrix with entries y1 q 5 r2 and1
y1' 'Ž . Ž . Ž .y1 y 5 r2, we see that M s y1r2 I q 5 r2 Q DQ for some
Ž .nonsingular matrix Q, where D is the diagonal matrix 1, y1, 1, y1 . This
implies by an easy computation that M satisfies the equation x 2 q x y 1
s 0. By considering the upper-right block matrix, we see that M satisfies1
2 x q 1 s 0. However, M has minimal polynomial x 2 q x y 1, so this is a1
contradiction and F does not split over F as an X-module. This example1
shows that F need not be a direct sum of X-rationally irreducible
modules.
5. TORSION-FREE SOLVABLE CT-GROUPS
In this section, we investigate some types of torsion-free solvable CT-
groups which show that such groups are widespread and can have complex
Ž .structure e.g., unbounded derived length . Our first example arises from
standard wreath products.
THEOREM 17. Let G s H X K, the standard wreath product, where H and
K are nontri¤ial groups. Then G is a CT-group if and only if H is abelian and
K is a torsion-free CT-group.
Proof. Assume that G is CT and its base group is B s Dr H .k g K k
Then K and B are CT and so H is abelian. If k g K has finite order
n / 1 and b g B has equal nontrivial components in the H i for all i, thenk
Ž .C b contains B and k. But k cannot commute with every nontrivialG
element in B, a contradiction. So K is torsion-free.
Conversely, let G s H X K where H is abelian and K is a torsion-free
CT-group. Then the base group B is abelian. Note that if b g B and k is1
k1 Ž k1. y1a nontrivial element of K such that b s b, then b s b s b , forx x k x1
all x g K. This implies that b s 1 since k has infinite order. This means1
that GrB acts fixed-point-freely on B and hence G is a CT-group by
Lemma 7.
COROLLARY 18. There exist finitely generated sol¤able CT-groups with
arbitrary deri¤ed length.
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Ž Ž ..For example, Z X Z X ??? X Z X Z , the standard wreath product of n
copies of Z, is a finitely generated torsion-free solvable CT-group with
derived length n.
As far as the closure property is concerned, we mention that the class of
solvable CT-groups is far from being quotient closed as illustrated by our
last results.
THEOREM 19. Let R u F ‚ G be a presentation of a group G. If G is
torsion-free, then G acts on R [ RrRX fixed-point-freely. In addition, if Gab
is a CT-group, then FrRX is CT.
w xProof. By Theorem 11.4.8 in 11 , R is G-isomorphic with I rI I , aab R F R
G-submodule of I rI I where I is the augmentation ideal of ZF and IF F R F R
Ž .is the augmentation ideal relative to R. Furthermore, by Theorem 11.3.4 i
w xin 11 , I rI I is a free ZG-module. Since G is torsion-free, it actsF F R
fixed-point-freely on ZG and so on I rI I . Now the first assertion holds.R F R
Also the second statement follows from Lemma 7.
COROLLARY 20. All free sol¤able groups are CT.
ACKNOWLEDGMENTS
I would like to thank Professor Derek Robinson for his guidance in advising me throughout
the development of this work.
REFERENCES
1. H. Brown, R. Bulow, J. Neubuser, H. Wondratscheck, and H. Zassenhaus, ``Crystallo-È È
graphic Groups of Four-Dimensional Space,'' Wiley, New York, 1978.
2. W. Burnside, ``Theory of Groups of Finite Order,'' 2nd ed., Dover, New York, 1955.
3. B. Fine, A. Gaglione, G. Rosenberger, and D. Spellman, The commutative transitive
kernel, preprint.
4. B. Huppert, Normalteiler und maximale Untergruppen endlicher Gruppen, Math. Z. 60
Ž .1954 , 409]434.
5. B. Huppert, ``Endliche Gruppen I,'' Springer-Verlag, Berlin, 1967.
È Ž .6. O. H. Kegel, Uber einfache, lokal endliche Gruppen, Math. Z. 95 1967 , 169]195.
Ž .7. A. I. Mal'cev, On faithful representations of infinite groups of matrices, Mat. Sb. 8 50
Ž . Ž .1940 , 405]422; Amer. Math. Soc. Transl. Ser. 2 45 1965 , 1]18.
Ž . Ž .8. A. I. Mal'cev, On certain classes of infinite solvable groups, Math. Sb. 28 70 1951 ,
Ž .567]588; Amer. Math. Soc. Transl. Ser. 2 2 1956 , 1]21.
9. A. Yu. Ol'shanskii, ``Geometry of Defining Relations in Groups,'' Mathematics and Its
Ž . ŽApplications Soviet Series , Vol. 70, Kluwer Academic, Dordrecht, 1991 translated from
.the Russian by Yu. A. Bakhturin .
10. D. J. S. Robinson, Homology of group extensions with divisible abelian kernel, J. Pure
Ž .Appl. Algebra 14 1979 , 145]165.
COMMUTATIVITY-TRANSITIVE GROUPS 181
11. D. J. S. Robinson, ``A Course in the Theory of Groups,'' 2nd ed., Springer-Verlag, New
York, 1996.
12. D. Segal, ``Polycyclic Groups,'' Cambridge Univ. Press, New York, 1983.
13. M. Suzuki, The nonexistence of a certain type of simple groups of odd order, Proc. Amer.
Ž .Math. Soc. 8 1957 , 686]695.
14. L. Weisner, Groups in which the normaliser of every element except identity is abelian,
Ž .Bull. Amer. Math. Soc. 31 1925 , 413]416.
Ž .15. D. J. Winter, Representations of locally finite groups, Bull. Amer. Math. Soc. 74 1968 ,
145]148.
